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On the uncertainty principle in Rindler and Friedmann spacetimes
Thomas Schu¨rmann∗
Du¨sseldorf, Germany
We revise the generalized uncertainty relations for the Rindler and Friedmann spacetimes recently
discussed by Dabrowski and Wagner in [1]. We reveal these results to be coordinate dependent
expressions of the invariant uncertainty relations recently derived for general 3-dimensional spaces
of constant curvature in [2]. Moreover, we show that the non-zero minimum standard deviations of
the momentum in [1] are just artifacts caused by an unfavorable choice of coordinate systems which
can be removed by standard arguments of geodesic completion.
PACS numbers: 04.60.-m, 04.60.Bc, 02.40.Ky
INTRODUCTION
Recently, it has been mentioned by Dabrowski and
Wagner [1] that there are exact formulas for the Extended
Uncertainty Principle (EUP) in the case of Rindler and
Friedmann horizons and that these can be expanded to
obtain asymptotic forms known from the previous liter-
ature.
The approach of [1] requires a foliation of spacetime
into hypersurfaces of constant time and so one consid-
ers the 3-dimensional spatial part of the corresponding
spacetime metric. The underlying idea of the approach
in [1] is that the measurement of momentum depends on a
given spacetime background recently introduced in [2][3].
In order to measure the momentum one needs to consider
a measure of position uncertainty. This is given by a do-
main D (typically the geodesic ball Br) with boundary
∂D characterized by its geodesic radius r or diameter d
and Dirichlet boundary conditions such that the wave
function of the particle is confined in D. The method
then reduces to the solution of an eigenvalue problem for
the wave function ψ
∆ψ + λψ = 0 (1)
inside D with the requirement that ψ = 0 on the bound-
ary ∂D, while λ denotes the eigenvalue and ∆ is the
Laplace-Beltrami operator of the corresponding mani-
fold. Then, one can write the following general inequality
[2]
σp ≥ ~
√
λ1, (2)
where λ1 denotes the first Dirichlet eigenvalue of the
problem. For the general class of 3-dimensional Rieman-
nian manifolds of constant curvature K, there is a closed
form solution and it was found that [2]
σp r ≥ pi~
√
1− K
pi2
r2, (3)
where the corresponding position uncertainty of the par-
ticle is represented by the radius r of the associated
geodesic ball. It should be mentioned that this uncer-
tainty relation is independent of the coordinate system
(diffeomorphism invariance) and not of the same kind
as the ordinary EUP or GUP because it features the
characteristic length of the confinement corresponding to
r. Thus, r should rather be interpreted as uncertainty
and does not describe the standard deviation of position
[2][3].
Both the Rindler geometry and the Friedmann geom-
etry are spaces of constant (sectional) curvature K. For
the Rindler space we have K = 0 and from (3), one sim-
ply obtains the uncertainty relation
σp r ≥ pi~, (4)
for 0 ≤ r <∞. For the Friedmann geometry, the curva-
ture is K = 1/r2H , with horizon rH . The corresponding
inequality is also given by expression (3) and we obtain
σp r ≥ pi~
√
1−
(
r
pirH
)2
, (5)
for 0 ≤ r < pirH . The appeal of these inequalities is
that they are independent of the coordinate system. The
standard deviation σp of the momentum is obtained from
the Laplace-Beltrami operator and the uncertainty in po-
sition is chosen by the geodesic radius r. In contrast, the
uncertainty relations of Dabrowski andWagner in [1] look
very different from (4) and (5) and they are much more
complicated. Obviously, this is because they are not writ-
ten in an invariant representation, but are related to a
special coordinate system.
In the following two sections, we will discuss the state-
ments made in [1] and how they can be derived from
(4) and (5) by coordinate transformation. We show
that their non-zero minimum standard deviations of the
momentum can be removed by standard arguments of
geodesic completion. A discussion is given at the end.
THE UNCERTAINTY PRINCIPLE
IN RINDLER SPACE
The approach of [1] requires a foliation of spacetime
into hypersurfaces of constant time and so one considers
2only the spatial part of the Rindler metric which is of the
form [1][4]
ds2 =
c2
2αx
dx2 + dy2 + dz2 (6)
with acceleration α describing a boost in the x-direction
as applied to the Minkowski space, c the speed of light,
and y and z denoting the components of the metric per-
pendicular to the x direction in Rindler space [1]. With-
out loss of generality, we have chosen the boost of accel-
eration in the direction of x. Let
(gij) = diag
(
c2
2αx
, 1, 1
)
(7)
be the corresponding 3-dimensional metric. For the fol-
lowing argumentation we briefly introduce the formal
representation of a geodesic ball in Rindler space. A
geodesic ball in Rindler space can be obtained by a suit-
able coordinate transformation to the Euclidean space:
X = 2 c
( x
2α
) 1
2
, Y = y, Z = z, (8)
for x ≥ 0. The corresponding metric in the new (Eu-
clidean) coordinates X,Y, Z is simply given by
(gij) −→ (δij) = diag (1, 1, 1) . (9)
Now, the boundary of the 3-sphere of radius r centered
around the position (a, 0, 0) is just given by the algebraic
expression
(X − a)2 + Y 2 + Z2 = r2, (10)
The corresponding geodesic ball in Rindler coordinates
x, y, z, is obtained by substitution of (8) to (10) and reads∣∣∣∣2c2α x− a
∣∣∣∣ ≤√r2 − y2 − z2 with (11)
y2 + z2 ≤ r2, 0 ≤ y, z ≤ r. (12)
Because of the axial symmetry with respect to the x-
direction, the corresponding 3-sphere can be properly ex-
pressed for z = 0, see Fig. 1. For instance, the vertical
distance between the center (dot) and the north pole is
different from the coordinate distance of (0, 0, 0) to the
center, although the geodesic distance of both is identi-
cal to r. So, if one wanted to express the position un-
certainty relative to the x-direction (as has been done in
[1]), then one must take into account that the vertical
coordinate distance is dependent on which position the
circle is located in this direction. Actually, such a depen-
dency is somewhat cumbersome and hard to handle by
the observer. The appropriate choice of the position un-
certainty should be the geodesic radius or diameter of the
ball, which is constant and independent of its position in
Rindler space.
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FIG. 1: Projection of the unit 3-sphere in Rindler space
onto the x-y-plane for l0 = 4 and z = 0. The acceler-
ation is in x-direction, y (and z) are perpendicular to
the acceleration (see text). The black dot is at the cen-
ter (l0/2, 0, 0) of the sphere in Rindler coordinates. The
corresponding 3-sphere of radius l0/
√
2 in the Euclidean
space is located around the point (l0/
√
2, 0, 0).
For pedagogical reasons, we briefly express the corre-
sponding boundary value problem in Rindler coordinates.
According to the metric (6), the Laplace-Beltrami oper-
ator of the problem is given by
∆ =
2α
c2
(
x
∂2
∂x2
+
1
2
∂
∂x
)
+
∂2
∂y2
+
∂2
∂z2
, (13)
so that the associated eigenvalue problem (1) is given by
the following 3-dimensional partial differential equation
2α
c2
(
x
∂2ψ
∂x2
+
1
2
∂ψ
∂x
)
+
∂2ψ
∂y2
+
∂2ψ
∂z2
+ λψ = 0. (14)
Instead, to solve this equation in Rindler coordinates,
as has been done in [1], here we follow an alternative
approach by applying the coordinate transformation (8)
to equation (14). After a few algebraic steps, we simply
obtain
∂2f
∂X2
+
∂2f
∂Y 2
+
∂2f
∂Z2
+ λf = 0, (15)
while f = f(X,Y, Z) ≡ ψ(x, y, z) is defined in the ordi-
nary Euclidean space equipped with the standard metric
(9) and the simple boundary condition
f(X,Y, Z) = 0 for (X,Y, Z) ∈ ∂S3r (16)
This problem has already been discussed in [2] and the
result is given by (3), for K = 0. In contrast to the
3result in [1], the acceleration does not explicitly occur in
the invariant representation (4).
More precisely, let us discuss the statement (18) of
Dabrowski and Wagner in [1]. Therein, it is proposed
to express the position uncertainty by the coordinate
∆x in the direction of acceleration and the associated
1-dimensional domain of position uncertainty is taken to
be the interval I = [l0 −∆x, l0 + ∆x], with l0 = 2c2/α.
At this point we want to mention that the corresponding
(coordinate) distance dx := 2∆x in this direction is not
equal to the geodesic diameter which is d = 2 r. Our
starting point to understand the inequality (18) of [1] is
to express the geodesic radius r of (4) in terms of ∆x.
Therefore, we first define the north pole and the south
pole x± = l0 ±∆x of the ball in Rindler space. Apply-
ing the coordinate transformation (8) to x±, we find the
dependency
dx =
2a
l0
d. (17)
or equivalently
∆x =
2a
l0
r. (18)
It follows that the position uncertainty ∆x does not only
depend on the measure of I but also on the position at
which the measurement is performed in space. This is
certainly an unfavorable property in the choice of ∆x.
However, let us apply (18) to express the inequality (4)
in terms of ∆x. To eliminate the dependency on a, we
consider the pre-image of x± under coordinate transfor-
mation (8), that is
x± =
1
l0
(a± r)2 (19)
and by a few algebraic manipulations we get the equiva-
lent expression
2a
l0
=
√
1 +
∆x
l0
+
√
1− ∆x
l0
. (20)
By substitution into (18), we obtain the geodesic radius
r in terms of ∆x and the acceleration α, that is
r =
∆x√
1 + ∆xl0 +
√
1− ∆xl0
. (21)
This expression is now applied for r into the original in-
equality (4) and the square root terms are subsequently
rearranged on the right-hand side, such that we find
σp∆x ≥ pi~
(√
1 +
∆x
l0
+
√
1− ∆x
l0
)
. (22)
We finally apply the binomial formula to the terms with
square roots to get
σp∆x ≥ 2pi~
∆x
l0√
1 + ∆xl0 −
√
1− ∆xl0
. (23)
Up to factor 2 on the right-hand side, this expression
is identical to the formula (18) of Dabrowski and Wagner
in [1]. The factor 2 is explained as follows: The expres-
sion of the eigenvalue λ˜ considered in [1] (after Eq. (11)
therein) is erroneous and has to be corrected by a factor
of 1/4, such that it correctly reads λ˜ = λc2/2α instead.
This implies the necessity of a factor 2 on the right-hand
side of the final formula (18) in [1]. Therefore, our in-
equality (23) is the corrected version of (18) in [1].
By this derivation it becomes obvious that the compli-
cated square root expression (23) is just a representation
of the geodesic radius with respect to the coordinate de-
pendent projection in the direction of acceleration. Since
in the approach of [1] the uncertainty of position is re-
stricted by ∆x ≤ l0, we see that the minimum possible
σp in the Rindler chart will be pi~
√
2/l0 > 0 (here we
already applied the correction mentioned above). How-
ever, this lower bound only holds for measurements which
are performed for the set of balls with the center at
(l0/2, 0, 0) in Rindler space (see Fig. 1). Alternatively, if
we consider balls with the center at position (r2/l0, 0, 0)
in Rindler space, or equivalently a = r in (18), then we
have r = (l0∆x/2)
1/2. By substitution into (4), we ob-
tain
σp∆x ≥ 2pi~
√
∆x
2l0
(24)
and there is no restriction for ∆x in (24). As a conse-
quence, the greatest lower bound of σp is 0, which can
be obtained for ∆x → ∞. As we can see, the value
of the greatest lower bound of σp depends on the posi-
tion at which the measurement process is performed in
Rindler space. However, what we can be sure about is
that σp → 0 is possible.
We already know from literature that the Rindler
spacetime cannot be geodesically complete, because it
covers only a portion of the original Minkowski space-
time, which is geodesically complete. However, the
Rindler spacetime (and its 3-dimensional foliation) can
be extended to the Minkowski spacetime (or the 3-
dimensional Euclidean subspace) such that there is no
longer any singularity in the metric components.
THE UNCERTAINTY RELATION IN
FRIEDMANN SPACE
In section 4 of [1], Drabowski and Wagner consider
the Friedmann universe with hypersurfaces of constant
Schwarzschild-like time and the spatial metric corre-
sponding to
ds2 =
dr˜2
1− r˜2
r2
H
+ r˜2dΩ, (25)
with horizon rH and the metric of the 2-sphere is dΩ.
Here, we have changed the notation by writing r˜ instead
4of r. The reason is that r˜ in the representation of (25)
is not a geodesic coordinate and has to be distinguished
from geodesic radius r defined in the previous sections.
Similar to the case of the Rindler space, the approach
in [1] is to solve the corresponding Dirichlet boundary
value problem in r˜ and to obtain expression (29) in [1].
As already mentioned in the introduction, this physical
situation has already been treated by inequality (5). To
compare our result with the statement (29) of [1], we first
rewrite (5) as follows
σp ≥
~
rH
√(
pi
r/rH
)2
− 1. (26)
We remember that the standard representation in (25) is
based on the coordinate transformation
r˜ = rH sin
(
r
rH
)
, (27)
for 0 ≤ r < pirH , which is a relation between the geodesic
radius r and the coordinate r˜. We keep in mind that
the true horizon is not reached for r˜ → rH . Actually,
this limit is only related to the ”upper” hemisphere of
S3rH corresponding to the polar angle of pi/2 in spherical
coordinates. For covering the complete space, one must
also regard the lower hemisphere, which means that r˜
has to run back to 0 again. This fact will be taken into
account by writing (27) in terms of the two branches
− r
rH
= ± arccos
(
r˜
rH
)
− pi
2
= 2 arctan (f±(r˜))−
pi
2
(28)
with
f±(r˜) = ± tan
(
1
2
arccos
(
r˜
rH
))
. (29)
We reformulate this expression by using the half-angle
formula
tan
ξ
2
=
√
1− cos ξ
1 + cos ξ
, (30)
for ξ ∈ [0, pi) and cos ξ := r˜/rH , to obtain
f±(r˜) = ±
√
1− r˜/rH
1 + r˜/rH
. (31)
By substitution of (28) into the denominator under the
square root in (26), we obtain the final result
σp r˜ ≥ ~
r˜
rH
√(
pi
2 arctan (f±(r˜))− pi/2
)2
− 1, (32)
which reproduces expression (29) of [1], except that there
are two signs in our result. In Fig. 2, we see the (to-
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FIG. 2: The uncertainty relation (5) for Friedmann back-
ground in terms of the rescaled position uncertainty
∆x/rH in units of pi~. In these units the uncertainty
approaches its minimum value of 0. The curve is passed
through clockwise from top to bottom. For reasons of
comparison, we have used the same notation as in Fig. 2
of [1], that is r˜ ≡ ∆x (see text).
tal) uncertainty in terms of the notation applied in [1],
that is r˜ ≡ ∆x. In Fig. 2 of [1], there is only the upper
(blue) part of the curve but not the lower branch (or-
ange) and it is argued that the uncertainty approaches a
minimum value of
√
3/pi, for ∆x→ rH . As already men-
tioned above, this argumentation is incomplete, because
it ignores the ”lower” hemisphere of S3rH . Instead, we
consider the complete space and find the true minimum
value of the uncertainty approaches zero (orange curve)
when the space is completely covered by the position un-
certainty such as r → pirH .
COMMENT
As we have learned from the history of Riemannian ge-
ometry and general relativity, the property of diffeomor-
phism invariance is one of the most important features for
the generalization of physical laws to curved spaces. For
uncertainty principles given in 3-dimensional space this
means that the applied measures of uncertainty should
be chosen with caution. When the standard deviation of
the momentum is based on the Laplace-Beltrami opera-
tor, then one can be sure that invariance under change
of coordinates is satisfied. On the other hand, an obvi-
ous choice for the position uncertainty is hard to obtain
if one is only concerned to apply the concept of stan-
5dard deviation. As we have seen in the present contri-
bution, fortunately the choice of a standard deviation
in position space is not really necessary or even appro-
priate. Especially from the concept of projection-valued
measures it becomes obvious, alternatively, to consider
suitable spatial domains for the representation of posi-
tion uncertainty. Moreover, from the theory of spectral
analysis, we know that geodesic balls play an important
role because these are the distinguished domains in many
variational approaches. Since geodesic balls are uniquely
classified by their geodesic radius (or diameter) it be-
comes obvious that the geodesic radius is the appropriate
measure for the representation of position uncertainty in
curved spaces. For that reason it becomes clear why the
requirement of coordinate invariance is hard to obtain by
the known GUP and EUP in literature. This fact makes
their analysis and interpretation sometimes difficult.
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